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Abstract 
Jay Kim 
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University of Cincirmati 
Cincirmati, OH 45221-0072 
The procedure proposed by Kim and Soedel [1] for formulation of four pole parameters of three-
dimensional cavities is revised. In the procedure, four poles were formulated in terms of the pressure 
responses of the cavities to a point source. However, it is shown that using the point source model for such a 
purpose is not valid because the pressure response function becomes singular at the source point. In this 
work, the procedure is modified by employing a surface source. It is shown that the modified procedure can 
be applied to three-dimensional acoustic systems. 
Introduction 
A four pole matrix is a very convenient concept to analyze complex acoustic systems. It allows various 
acoustic elements of the system to be formulated independently and to be assembled to form the system 
equation. Also, using four poles reduces related analysis efforts substantially as the system equation remains 
a two-by-two matrix. Many applications are found for analysis of one-dimensional systems [2, 3] and 
lumped parameter systems [2]. It is very appealing to have four poles of three-dimensional cavities because 
they are easily integrated with those of one-dimensional acoustic cavities for the purpose of system analysis. 
Kim and Soedel [1] proposed a method to formulate four pole parameters of three-dimensional cavities in 
terms of the pressure response functions of the systems at the input and output points. Lai and Soedel [ 4] 
applied a similar concept to analyze shallow three-dimensional cavities by specializing the procedure for 
two-dimensional cases. In all these works [1, 4], pressure response functions were obtained by solving the 
wave equation of cavities and modeling flow input and output ports as point sources. 
Deriving a four pole matrix of a three-dimensional cavity implies that the cavity is cormected to one-
dimensional systems. Therefore, the size of its xpass flow source can generally be considered much smaller 
than other dimensions of the cavity. Hence, it appears to be logical to model an acoustic source as a point 
source, as it has been done in [1, 4, 5]. However, in this work, it is shown that the point source model 
cannot be used to derive four poles of three- or two-dimensional cavities because of the singularity at the 
source point. The alternative approach is to use the surface source model. It is shown that an extended 
model can be generated by cormecting one-dimensional pipes of proper lengths to three-dimensional 
cavities, which enables the four poles of such a sub-system to be derived. Numerical examples are shown, 
where the boundary element method is used for actual calculations, to illustrate how the concept is used for 
system analysis. 
Formulation of Four Poles using Pressure Response Functions 
A four pole matrix defmes the relationship between the input and output variables of an acoustic 
system in the frequency domain. For the acoustic system shown in Figure 1, the equation is defmed as: 
{~:} = [ ~ ~]{~:}. (1) 
where P and Q are the amplitudes of the acoustic pressure and volume flow rate, subscripts 1 and 2 indicate 
the input and output points, respectively, A, B, C and D are the four pole parameters. It was shown that four 
pole parameters of an acoustic system could be formulated from the pressure response functions of the 
system as follows [1]: 
A= fTl({j)) B = - 1- C =-f (W)+ };1 (W) f (w) D = };1 (w) (2) f..,(w), f..,(w), 21 f..,(w) 22 ' f..2(w), 
where w is the circular frequency and fij ( w) is defmed as the pressure response of the system at location i 
when the system is subjected to a single harmonic volume flow input with unit strength at location j. 
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According to the definition, pressure response functions used in the four pole formulation have units of 
pressure per volume flow. In the SI system, for example, the unit becomes Pa.s!m
3
• From the acoustic 
reciprocal principle, it can be easily shown that 
/,_,(w) = / 2, {w). {3) 
Therefore. four pole parameters of any general acoustic systems are derived if three pressure response 
functions, hJW), / 22 (w), and / 21 (W) or h2 (W), are available. 
According to equation (2), four poles can be easily formulated, as long as the all pressure response 
functions. fv ( w) , have unique and convergent values. In this work, it is shown that two-dimensional surface 
sources must be used for the calculation of four poles of a three-dimensional cavity, and one'-dimensional 
line sources must be used in a two-dimensional cavity to satisfy the above conditions. Also, it is shown that 
point sources can be only used for one-dimensional systems. In the following, a rectangular cavity is used 
as an example to explain these concepts because an exact solution of pressure response is available using 
the modal superposition method. 
Pressure Response in a Rectangular Cavity 
For a rectangular cavity shown in Figure 2 or 3, the natural mode P~m. and the natural frequency 




,.(x,y,z) = cosAcos my cos nz 
L, Ly L, 
l m n ..!. k~mro =n[(-)2 +(-), +(-)zp 
L, L1 L, 
l, m, n:O, 1, 2, .... (4) 
Using the modal superposition method, pressure response at any point in the cavity due to a distributed 
mass flow source, M(x, y,z,w), becomes 
., jwP/mn(x,y,z)J M(x,y,z,w)Pllt.,(x,y,z)dXtfYdi 
p(x,y,z)e'''" =- L a Jo:<t, (5) 
l.m,n•O (e- k~) f P:., (x, y, z)dXdjtli 
D 
where k = wfc 0 , n is the whole acoustic domain, and the overbar denotes integration varia
bles. 
Mass flow source due to a point source located at r, = ( x, , y,, z, ) is described as 
M(x,y,z,w) = p0Q8(x-x,)o(y-y,)o(z-z,), {6) 
where p0 is the mean density of acoustic medium, r, is the coordin
ates of the source point, Q0 is the 
volume flow hannonic amplitude, and 8(-) is the Dirac Delta function. 
As shown in Figures 3 and 4, a rectangular surface source is considered. This model may be used to 
approximate a port in a three-dimensional cavity connected to a small rectangular pipe. Further, by 
assuming that the mass flow distribution on the source surface is constant, the mass flow source is 
expressed as 
· Q0 ~ ( b, ( b, ] M(x,y,z,w) =Po -b -v(x-x,)[H y-y, +2)-H y-y, -2) 
,c, (7) 
x[H(y-z +5..)-H(y-z _5_)]. 6 2 ' 2 
where r, = (x,, y,, z,) is the coordinates of the center of the source surface, b, and c, indicate the size of 
the rectangular source surface, and H(·) is the unit step function. 
Byletting (x,,y,.z,)~(x,,y,,z,) and Qo=l inequation(5), / 11 (W) and / 21 (W) arethendefinedas 
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f. J w) : P( xl' y" z,. w )lao~~ } . 
fz, ((I)) - P( Xz' Y,. Zz' (I) )IQo=l 
(8) 
[ 22 ( w) is obtained in a similar manner. 
It will be shown that [ 11 (W) and / 22 (w) obtained from equation (8) are divergent when the pomt 
source model is used, and therefore they cannor be used to formulate four poles of three-dimensional 
cavities. Unlike the responses to point sources, responses f., (w) and / 22 (w) are bound and convergent 
when the surface source model is used. 
Convergence Study 
Calculations of pressure responses are made for a cubic cavity of length of 0.2 meters due to acoustic 
sources with unit volume flow rate. Other values for the material properties of acoustic medium are taken as 
p 0 = 121 (kg I m') and c0 = 343 (m Is). Mass flow sources are on one of the boundary surfaces of the 
cavity along X= L:r plane as shown in Figures 3 and 4. The point source and the center of surface source 
are placed at ( L,, 5L, I 9, 5L, I 9 ). The size of the surface source is taken as b, = c, = 0.2 I 14 (m). 
Responses at Points away from a Source 
First, pressure responses due to the point source and the surface source are calculated and compared at 
locations ( O.OlL, , b,, c,) and ( 0.99L,, b,, c, ). The frrst point is relatively far away from the sources, and 
the second point is very close to the sources. 
Figures 5(a) and 5(b) compares the pressure responses as the function of the number of natural modes 
used in the modal expansion solution by the two different source models. The responses are obtained for the 
field point far from the source at three frequencies (100, 500 and 1000Hz). It is seen that responses using 
either source model converge to approximately the same values at each frequency. Figures 6(a) and 6(b) 
compares the responses for the second point (very close to the sources) at the same frequencies. The figure 
shows that two models, while both are bound, converge to completely different values. This is because the 
point source model cannot provide valid results in the near field. 
Furthermore, for either source model, Figure 6 shows that a large number of modes must be used for 
the pressure response solution to converge in the near field, and the convergence of the solutions obtained 
from the point source model is especially slow. 
Responses at Source Point 
Figure 7(a) shows the pressure responses at the source point (x,, Y,.z,) obtained from the point source 
model as functions of the number of modes used in the calculation. The figure clearly shows that all the 
solutions diverge. In comparison, Figure 7(b) shows the pressure responses from the surface source model 
obtained at the center of the source surface as a function of the number of modes used in the modal 
expansion. It shows a clear convergence trend, although it is very slow. Convergence is observed at other 
points on the source surface as well. ' 
Divergence of !,.1 ( w) .!!.lliL f 22 ( w) Calculated from the Point Source Model 
When the input source is modeled as a point source, the pressure response at the source point is 
equivalent to the following series for a given frequency: 
(9) 
where c1 and c2 are two constants. The frrst summation of the triple summation series (for n, e.g.) results 
in a finite value. The second summation (form, e.g.) is actually the sum of inft.nite terms of fmite values. 
Therefore, the series expressed in (9) diverges. From this finding, it is deducted that: 
1. The surface source model is the minimum source geometry requirement for a three-
dimensional acoustic system to have finite responses on the source. 
2. The line source model is the minimum source geometry requirement for a two-
dimensional acoustic system. 
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3. The point source model is only useful for a one-dimensional system to evaluate the 
pressure at the source point itself. 
Because the series in modal expansion solution converges extremely slowly, the numerical calculation 
must be conducted very carefully. Otherwise the computer may ignore higher order terms due to its 
limitation in recognizing digits. A special scheme is used in this work when higher order terms are added. 
In the scheme, higher order terms are added until the sub-sum reaches a value sufficiently large for the 
computer to recognize in relation to the previous total sum, and then the sub-sum is added to the main series 
that consists of all the previous terms. In [1, 4], / 11 (W) and / 22 (W) are obtained based on the modal 
expansion method. However, the fact that these solutions are divergent was not recognized. It is probable 
that slow divergence of the series was not recognized. Also, the method was applied to annular cavities in 
[1]. In such a case, it is necessary to use Bessel functions, which makes accurate calculation of higher 
modes even more difficult. 
It should be noted that divergence at the source point is not caused by the modal expansion method 
which was used to calculate pressure responses, but is caused by the inherent limitation of the point source 
model. This divergence problem associated with the point source in three- or two-dimensional cavities does 
not become an issue unless responses at the source point itself, or at a point very near to the source, are of 
interest. Unfortunately, the pressure response at source points ( / 11 ( w) or f 22 ( ro) ) must be found to 
formulate the four pole parameters using equation (2) as proposed in [1]. A modification of the procedure is 
proposed in the next section to overcome this difficulty. 
New Method to Formulate Four Pole Parameters of Three-dimensional Cavities 
A straightforward method to revise the definitions / 11 (W) and j 22 (ro) is to use the fact that pressure 
responses over a surface source are always convergent. Therefore, 
l
+.(w)=JP(r,w)dT /A2 
Jt. u(r,w) ' ' 
r, i = 1, 2, 
J u(r,w)dT, = 1 
r, 
(10) 
where P(r,ro) is the pressure response calculated based on the surface source model, r, indicates the 
source surface, A, is the area of the source surface, and u(r ,ro) is the velocity distributed on the source 
surface. Assuming that the source has unit strength of volume flow rate and uniform distribution over the 
source surface, equation (10) can be simplified as 
J;,(ro)= J P(r,ro)di',;A,, i=l. 2. (11) 
I', 
Figure 8 shows the pressure distribution on the source surface at 100Hz. One problem immediately 
observed in Figure 8 is that the pressure distribution on the source surface varies in a wide range, which 
makes the validity of the averaging process in equation {10) or (11) questionable. To avoid this problem, 
two pipes of the same section size as the input and output ports are added to the cavity, as shown in Figure 
9. Pipe lengths are just long enough so that plane waves (uniform pressure across the section) can develop 
on the attached source planes. By doing this, errors involved in the averaging process can be minimized. 
Obviously, a numerical method such as the BEM must be used for this method. In general, this is not a 
serious limitation because most three-dimensional cavities encountered in practice must be analyzed by a 
numerical method anyway. Another limitation is that the proposed method does not derive four poles of the 
cavity itself, but a system composed of the cavity and two one-dimensional pipes. This is also not a serious 
limitation because the four pole matrix of three-dimensional cavity must be combined with those of one-
dimensional acoustic elements to form the system matrix. 
Conclusions 
It is shown that a numerical problem is encountered when four pole parameters of three-dimensional 
cavities are derived by the method proposed in [1]. In the procedure, the pressure responses which are 
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necessary to fonnulate four poles are obtained based on the point source model. It is shown that the point 
source model is invalid for two- or three-dimensional cavities because of its singularity at the source point. 
The nature of singularity at the source point is studied. Theoretical and practical implications of the 
singularity at the source point are discussed. Necessary modifications of the original procedure are 
proposed to overcome this problem due to the singularity at the source point. The modifications are made 
by using the surface source model and extending the cavity to include two short pipes at the input and 
output ports. 
References 
1. J. Kim and W. Soedel 1989 Journal of Sound and Vibration 129(2), 237-254. General fonnulation of 
four pole parameters for three-dimensional cavities utilizing modal expansion, with special attention to 
the annular cylinder. 
2. W. Soedel 1978 Gas Pulsation in Compressor and Engine Manifolds; Short Course Text. In: Ray 
Herrick Laboratories, School of Mechanical Engineering, Purdue University. 
3. M. L. Munjal 1981 Acoustics of Ducts and Mufflers with Application to Exhaust and Ventilation 
System Design. New York: John Wiley & Sons. 
4. P. C.-C. Lai and W. Soedel1996 Journal of Sound and Vibration, 194(2), 137-171. Two dimensional 
analysis of thin, shell or plate like muffler elements. 
5. J. Kim and W. Soedel 1989 Journal of Sound and Vibration, 131(1), 103-114. Analysis of gas 
pulsations in multiply connected acoustic three-dimensional cavities with special attention to natural 
mode or wave cancellation effects. 
6. L. E. Kinsler, A. R. Frey and et. al. 1982 Fundamentals of Acoustics. New York: John Wiley & Sons. 
Q,,P, Acoustic 
----::.:::;.. 1 
Figure 1. Three-dimensional acoustic system 
y 
Figure 3. Rectangular cavity subjected 
to a surface source 
y 
Figure 2. Rectangular cavity subjected 
to a surface source 
(>, y, .-.) 
b, 
Figure 4. Source location and geometry 
b, and c, are the dimensions of the source surface. 
(x, y, z., ) is the coordinate of the center of the surface 
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Figure 5(a) Response to surface source (far field) 
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Figure 7(a) Response to surface source 







Figure 8. Pressure distribution on the 
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the cavity and two pipes 
